Berry's approach on "transitionless quantum driving (TQD)" shows that a nearly Hamiltonian which accurately derives the instantaneous eigenstates of any given reference Hamiltonian can govern the system to effectively reproduce the same final result as the adiabatic process while in a shorter time. In this paper, motivated by TQD, we construct shortcuts to adiabatic passage (STAP) in a three-atom system to create the Greenberger-Horne-Zeilinger (GHZ) state with the help of quantum Zeno dynamics and second-order perturbation approximation. The influence of various decoherence processes is discussed by numerical simulation and the result proves that the scheme is fast and robust against the decoherence. Moreover, it is worth noting that any quantum system whose Hamiltonian is possible to be simplified into the form as H ef f in eq. (11), the STAP can be constructed with the same method presented in this scheme.
I. INTRODUCTION
"Shortcuts to adiabatic passage (STAP)" [1] [2] [3] [4] which is a timely contribution to speeding up a slow quantum adiabatic process usually through a non-adiabatic route, has attracted a great deal of attention in recent years. It promises to overcome the harmful effects caused by decoherence, noise or losses during a long operation time. In the last several years, STAP has shown its charm in a wide range of applications in theory and experiment [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Various reliable, fast and robust methods and schemes have been proposed to implement quantum information processing (QIP), such as fast population transfer [5] [6] [7] , fast entanglement generation [6, 8] , fast implementation of quantum phase gates [9] , and so on.
As far as we know, constructing shortcuts to speed up adiabatic processes effectively, there are two main methods which are in fact strongly related, and even potentially equivalent to each other [24] : one is invariant-based inverse engineering based on Lewis-Riesenfeld invariant (IBLR) [10, 25] and the other one is Berry's approach named "transitionless quantum driving" (TQD) [26, 27] . Whereas, each of the two methods also has its own characteristics, for example, using IBLR to construct shortcuts usually does not have to break down the form of the original Hamiltonian H0(t), so that the possibility of designing a nonexistent Hamiltonian H(t) in experiment is avoided [5, 12] . However, the invariants always have fixed forms which lead to that IBLR might be limited or even helpless in some cases to construct shortcuts to implement QIP rapidly [5] . For example, in the paper [8] proposed by Chen et al., they had no choice but to make one of the atoms to be a control qubit or use auxiliary levels for the atoms to generate entangled states. On the other hand, the laser pulses are free to be chosen by using TQD to construct shortcuts, but this method usually requires a Hamiltonian which does not exist in a real experiment [6] .
There is still plenty to do to make wide applications of * E-mail: xia-208@163.com STAP for fast QIP in some experimental systems, for example, the cavity quantum electronic dynamics (QED) systems which are very promising and highly inventive for QIP by concerning the interaction of atoms and photons within cavities. It is worth noting that, if we take no account of that whether the constructed Hamiltonian in experiment is existent or not, TQD is a very promising method to implement fast and noiseresistant QIP in the real QED systems. Because for any timedependent original Hamiltonian H0(t), TQD provides a very effective method to construct a Hamiltonian H(t) which accurately derives the instantaneous eigenstatees of H0(t). As we mentioned above, such a Hamiltonian H(t) can govern a system to reproduce the same final as the adiabatic process in a finite short time. Taking the advantages of TQD into account, it is necessary to find ways to overcome the problem that the "counter-diabatic driving" (CDD) Hamiltonian H1(t) (H(t) = H0(t) + H1(t)) designed by using TQD for a multiqubit system usually does not exist in a real experiment [28] [29] [30] [31] . In this field, in 2014, by using second-order perturbation approximation twice under large detuning condition, Lu et al. [6] have effectively simplified a Hamiltonian into an effective Hamiltonian which is equivalent to H1(t) [32] . And this idea inspires us that finding an alternative physically feasible (APF) Hamiltonian which is effectively equivalent to H1(t) might be an effective way to overcome the problem above. But the approximation in ref. [6] is too complex to directly generalize into N -qubit entanglement generation. It is known to all that, entanglement of more qubits shows more nonclassical effects and is more useful for quantum applications. For example, one of the two kinds of three-qubit entangled states named the Greenberger-Horne-Zeilinger (GHZ) state provide a possibility for testing quantum mechanics against local hidden theory without using Bell's inequality [35, 36] . Therefore, great interest has arisen regarding the significant role of the GHZ state in the foundations of quantum mechanics measurement theory and quantum communication. In view of that we wonder if it is possible to use TQD to construct universal shortcuts for one-step generation of multi-qubit entanglement, i.e., the three-atom GHZ state, without abandoning any of the atoms or using auxiliary levels.
FIG. 1:
The cavity-atom combined system and the atomic level configuration for the original Hamiltonian.
FIG. 2:
The atomic level configuration for the APF Hamiltonian.
In this scenario, motivated by refs. [5] [6] [7] [8] , we use TQD to construct STAP to generate the three-atom GHZ state effectively and rapidly in one step. It would be a promising idea of applying STAP to realize multi-qubit entanglement generation in cavity QED systems. Different from ref. [6] , we use the quantum Zeno dynamics [33, 34] to simplify the system first and then use the second-order perturbation approximation one time to obtain the effective Hamiltonian which is equivalent the corresponding CDD Hamiltonian to speed up the evolution process. Therefore, the adiabatic process for a multi-qubit system is speeded up, and the STAP is easy to be achieved in experiment. Comparing with ref. [8] , we use TQD in this paper so that the laser pulses is not strongly limited and we do not need to use auxiliary levels or multistep operations to generate the three-atom GHZ state. Moreover, we find that any quantum system whose Hamiltonian is possible to be simplified into the form in eq. (11), the corresponding APF Hamiltonian can be built and the STAP can be constructed with the same approach presented in this paper. The above advantages mean the present scheme is much more useful in dealing with the fast and noise-resistant generation of multi-qubit entanglement or even other QIP.
The paper is structured as follows. We give a brief description about the approach of TQD proposed by Berry in section 2. In section 3, we describe a theoretical model and its dynamics for three Λ-type atoms which are trapped in a bimodal-mode cavity. In section 4, we show how to construct STAP for the system in section 3. In section 5, we use the constructed shortcut to generate a three-atom GHZ state and give the numerical simulation and experimental discussion about the validity of the scheme. Finally, in section 6, the conclusion is given.
II. TRANSITIONLESS QUANTUM DRIVING
Consider an arbitrary time-dependent Hamiltonian H0(t), with instantaneous eigenstates and energies given by
H0(t)|ϕn(t) = ζn(t)|ϕn(t) .
(1)
When this system satisfies the adiabatic condition, H0(t) will drive the system into
where
where ∂t ≡ ∂ ∂t . To find the Hamiltonian H(t) that drives the eigenstates {|ϕn(t) }, we define a unitary operator
which obeys
Then the Hamiltonian H(t) is obtained
The simplest choice is ζn = 0, for which the bare states |ϕn(t) , with no phase factors, are driven by [26] 
III. MODEL
We consider three Λ-type atoms are trapped in a bimodalmode cavity as shown in Fig. 1 . Atoms 1, 2, and 3 have three sets of ground states {|f 1 , |g l 1}, {|g l 2, |gr 2}, and {|f 3 , |gr 3}, respectively, and each of them has an excited state |e . The atomic transition |f ↔ |e is driven resonantly through classical laser field with time-dependent Rabi frequency Ω(t), transition |g l ↔ |e is coupled resonantly to the left-circularly polarized modes of the cavity with coupling λ l , and transition |gr ↔ |e is coupled resonantly to the right-circularly polarized modes of the cavity with coupling λr. Under the rotating-wave approximation (RWA), the interaction Hamiltonian for this system reads (h = 1):
λrar|e n gr| + H.c., (8) where a l and ar are the left-and right-circularly annihilation operators of the cavity modes. If we assume the initial state is |f, g l , gr 1,2,3|0, 0 c , the system will evolve within a singleexcitation subspace by basic states
Then, we rewrite the Hamiltonian in eq. (8) with the eigenvectors of Hac as (we set λ l = λr = λ)
where |φ0 , |φ1 , |φ2 , |φ3 , and |φ4 are the eigenvectors of Hac corresponding eigenvalues ε0 = 0, ε1 = λ, ε2 = −λ, ε3 = √ 3λ, and ε4 = − √ 3λ, respectively. Through performing the unitary transformation U = e −i ε k |φ k φ k |t and neglecting the terms with high oscillating frequency by setting the condition Ω1/ √ 3, Ω3/ √ 3 ≪ λ (The Zeno condition), we obtain an effective Hamiltonian
which can be seen as a simple three-level system with an excited state |φ0 and two ground states |ψ1 and |ψ7 . For this effective Hamiltonian, we easily obtain its eigenstates (12) corresponding eigenvalues η0 = 0, η± = ±Ω/ √ 3, respectively, where tan θ = Ω1/Ω3 and Ω = (Ω ). When the adiabatic condition | n0|∂tn± | ≪ |η±| is fulfilled, the initial state |ψ1 = |n0(0) will follow |n0(t) closely, and when θ(t) = π/4, the wanted GHZ state is got, |ψ(t f ) = (|ψ1 − |ψ7 )/ √ 2. However, this process will take quite a long time to obtain the target state, which is undesirable. (|ψ1 + i|ψ7 ) versus the interaction time λt f and the detuning ∆/λ.
IV. USING TQD TO CONSTRUCT SHORTCUTS TO ADIABATIC PASSAGE
We know the instantaneous eigenstates |n k (k = 0, ±) for the effective Hamiltonian H ef f (t) in section 3 do not meet the Schrödinger equation i∂t|n k = H ef f (t)|n k . According to Berry's general transitionless tracking algorithm [26] , from H ef f (t), one can reverse engineer H(t) which is related to the original Hamiltonian H ef f (t) but drives the eigenstates exactly. From refs. [6, 11, 12] and section 2, we learn the simplest Hamiltonian H(t) is derived in the form
Substituting eq. (12) in eq. (13), we obtain
whereθ = [Ω1(t)Ω3(t) −Ω3(t)Ω1(t)]/Ω 2 . Similar to ref. [6] , for this three-atom system in a real experiment, the CDD Hamiltonian H1(t) is unacquirable by classic operations. We also find an APF Hamiltonian whose effect is equivalent to H1(t). The design is simple as shown in Fig. 2 , we make all the resonant atomic transitions into non-resonant atomic transitions with detuning ∆. The non-resonant Hamiltonian reads H ′ 0 = H al + Hac + He, where He = 3 k=1 ∆|e k e|. Then similar to the approximation for the Hamiltonian from eq. (8) to eq. (11), we also obtain an effective Hamiltonian for the present non-resonant system [37] 
By adiabatically eliminating the state |φ0 under the condition ∆ ≫Ω1/ √ 3,Ω3/ √ 3, we obtain the final effective Hamiltonian
ChoosingΩ1 =Ω3 =Ω(t), the front two terms can be removed, and the Hamiltonian becomes
which has a similar form with the Hamiltonian in eq. (14), where Ωx(t) = −Ω 2 /(3∆). There is a little difference between these two Hamiltonians that the effective coupling iθ is 3π/2-dependent from the effective coupling Ωx. To remove this difference, we change Ω3(t) into −iΩ3(t). Then the eigenstates of H ef f become (18) and the CDD Hamiltonian H1(t) becomes
In the case of Ωx = −θ, the laser fields for the non-resonant system are determined
V. FAST AND NOISE-RESISTANT GENERATION OF THE THREE-ATOM GHZ STATE WITH STAP
We will show that the creation of a three-atom GHZ state governed by H ′ 0 is much faster than that governed by H0. To meet the boundary condition of the fractional stimulated Raman adiabatic passage (STIRAP),
the Rabi frequencies Ω1(t) and Ω3(t) in the original Hamiltonian H0(t) are chosen as
where Ω0 is the pulse amplitude, t f is the operation time, and t0, tc are some related parameters. In order to create a three-atom GHZ state, the finial state |ψ(t f ) should be
(|ψ1 + i|ψ7 ) according to eq. (18) . Therefore, we have tan α = 1. And choosing parameters for the laser pulses suitably to fulfill the boundary condition in eq. (21), the time-dependent Ω1(t) and Ω3(t) are gotten as shown in Fig. 3 with parameters t0 = 0.14t f and tc = 0.19t f . Fig. 4 shows the relationship between the fidelity of the generated three-atom GHZ state (governed by the APF Hamiltonian H ′ 0 (t)) and two parameters ∆ and t f when Ω0 = 0.2λ satisfying the Zeno condition, where the fidelity for the three-atom GHZ state is given through F = | GHZ|ρ(t f )|GHZ | (ρ(t f ) is the density operator of the whole system when t = t f ). We find that there is a wide range of selectable values for parameters ∆ and t f to get a high fidelity of the three-atom GHZ state. And the fidelity increases with the increasing of t f while decreases with the increasing of ∆. It is not hard to understand, putting eq. (22) into eq. (20) and setting t = t ′ × t f , we can findΩ
whereΩ0 is the amplitude ofΩ(t ′ ). That means, in order to meet the Zeno conditionΩ ≪ √ 3λ and the large detuning conditionΩ ≪ √ 3∆, the ratio ∆/t f should be small enough. Moreover, this relationship also explains the phenomenon in Fig. 4 that to achieve a high fidelity with a larger detuning ∆, a longer interaction time t f is required. Then to prove the operation time required for the creation of the three-atom GHZ state governed by H ′ 0 is much shorter than that governed by H0, we contrast the performances of population transfer from the initial state |ψ1 governed by the APF Hamiltonian H ′ 0 and that governed by the original Hamiltonian H0 in Fig. 5 with {t f = 35/λ, Ω0 = 0.2λ, ∆ = 2.2λ}. The time-dependent population for any state |ψ is given by the relationship P = | ψ|ρ(t)|ψ |, where ρ(t) is the corresponding time-dependent density operator. The comparison of Figs. 5 (a) and (b) shows that with this set of parameters, the APF Hamiltonian H ′ 0 (t) can govern the evolution to achieve a near-perfect three-atom GHZ state from state |ψ1 in short interaction time while the original Hamiltonian H0(t) can not. In fact, through solving the adiabatic condition | n0|∂tn± | ≪ |η±|, we obtain
where f (t) is a wave function whose amplitude is irrelevant to t f . The result shows when Ω0 is a constant, the longer the operation time t f is, the better the adiabatic condition is satisfied. This is proved in Fig. 6 . Fig. 6 reveals the relationship between G(t f ) and λt f , where
|t=0.5t f . From this figure, we discover that even with Ω0 = 0.5λ which does not meet the Zeno condition, the operation time required for the three-atom GHZ state generation in an adiabatic system is longer than 100/λ (when t f = 100/λ, G(t f ) ≈ 0.08). We also plot the fidelities of the evolved states governed by H ′ 0 (t) and H0(t) (in different cases) in Fig. 7 , with respect to the target three-atom GHZ state. Shown in the figure, even with a large laser intensity, say, Ω0 = 0.5λ, the interaction time required for creation of the three-atom GHZ state via adiabatic passage is still much longer than that via STAP. Generally speaking, the adiabatic condition is satisfied much better with a relatively larger laser intensity, while, the system would be very sensitive to the decoherence caused by the cavity decay with a relatively large laser intensity. And we will prove this in the following.
Once the dissipation is considered, the evolution of the system can be modeled by a master equation in Lindblad form,
where L k 's are the Lindblad operators. For both the resonant and non-resonant systems, there are eight Lindblad operators governing the dissipation:
where κ l and κr are the decays of the cavity modes, and γn (n = 1, 2, · · · , 6) are the spontaneous emissions of atoms. For simplicity, we assume κ l = κr = κ, and γn = γ/2. Fig. 8 (a) shows the fidelity of the three-atom GHZ state governed by the APF Hamiltonian H ′ 0 versus these two noise resources with Ω0 = 0.2λ, ∆ = 2.2λ, and t f = 35/λ. It turns out that the present shortcut scheme with this set of parameters is much more sensitive to the cavity decays than the spontaneous emissions. Ref. [5] contributes to understanding this phenomenon, in fact, with this set of parameters, the Zeno condition for the non-resonant system is not ideally fulfilled because shortening the time implies an energy cost [12, 24] (in this system, the energy cost denotes requiring relativelarge laser intensities). And ref. [5] shows that, destroying the Zeno condition slightly is also helpful to achieve the target state in a much shorter interaction time. But if the Zeno condition has not been satisfied very well, the intermediate states including the cavity-excited states would be populated during the evolution, which leads to that the system is sensitive to the cavity decays. However, we can find in Fig. 8 (b) which shows fidelity of the three-atom GHZ state governed by original Hamiltonian H0 with Ω0 = 0.5λ and t f = 100/λ in the presence of decoherence, with large laser intensities, the adiabatic scheme is also sensitive to the cavity decays as we mentioned above. The comparison of these two figures drops a result that the present shortcut scheme is a little worse than the adiabatic one in restraining the decoherence caused by the cavity decays. We know the decoherence is mainly dominated by the populations of the excited states and the total operation time. And when the operation time is short enough, the decoherence is mainly dominated by the total operation time rather than the populations of the excited states [8] . That is, shortening the operation time restrains the decoherence much more observably than decreasing the populations of the excited sates under certain conditions. But it is with regret that the shortcut scheme is still limited by some conditions to achieve an ideal target state much faster. In the present case, the decoherence is still mainly related to the the populations of the excited states. However, many experiments in quantum science greatly desire fast and robust theoretical methods since high repetition rates contribute to the achievement of better signal-to-noise ratios and better accuracy. Therefore, though the shortcut scheme might have not absolute advantage in restraining the decoherence than the adiabatic one, but it is still a better choice for the experimental researchers since the interaction time required in the scheme is much shorter.
In a real experiment, the cesium atoms which have been cooled and trapped in a small optical cavity in the strongcoupling regime [38, 39] can be used in this scheme. With a set of cavity QED parameters λ = 750×2π MHz, κ = 3.5×2π MHz, and γ = 2.62×2π MHz [40, 41] , the fidelity of the threeatom GHZ state in this paper is 98.24%. Thus, the scheme is robust and might be promising within the limits of current technology.
VI. CONCLUSION
We have presented a promising method to construct shortcuts to adiabatic passage (STAP) for a three-atom system to generate the GHZ state in the cavity QED system. Numerical simulation demonstrates that the scheme is fast and robust against the decoherence caused by both atomic spontaneous emission and photon leakage. The deficiency is that the present scheme might be a little sensitive to the cavity decays because of some inevitable factors. Whereas, different from the previous works that the laser pulses should follow a fixed form or the approximation is too complex to generalize to some combined multi-qubit systems, the paper contributes a promising method to effectively construct STAP in multi-qubit systems. That is, in light of quantum Zeno dynamics and using "transitionless quantum driving" to con- struct STAP, we are free to simplify a multi-qubit system and choose the laser pulses to implement quantum information processing. In fact, any quantum system whose Hamiltonian is possible to be simplified into the form in eq. (11), the shortcut can be constructed with the same method presented in this paper. For example, similar to refs. [42, 43] for the generation of the multiparticle GHZ state in an atomfiber-cavity combined system, we can shorten the operation time using the same method in the following steps: (1) With the help of the quantum Zeno dynamics, we can simplify the Hamiltonian of the single-excitation subspace into an effective Hamiltonian H ef f (t) with the form in eq. (11) . (2) For this effective Hamiltonian, by using TQD, we construct the CCD Hamiltonian H1(t) that speeds up the adiabatic process. (3) Similar to section 4, we find out the corresponding non-resonant system (the APF Hamiltonian) whose effective HamiltonianH1(t) has the form in eq. (17) . (4) Making H1(t) = H1(t), the parameters for the APF Hamiltonian are determined and the shortcut is constructed. Then the APF Hamiltonian would govern the system to achieve the same final result as the adiabatic process governed by the original Hamiltonian with a much shorter operation time. This might lead to a useful step toward realizing fast and noise-resistant quantum information processing for multi-qubit systems in current technology.
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